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ABSTRACT
In this paper I explore methods of solving higher degree polynomial
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INTRODUCTION

Previous ef forts by Leonard Euler and others to extend methods used in solving lower degree polynomials to the quintic to obtain its general solution have prov
In 1683 Ehreinfried Walther Count of Tchirnhaus, attempted at to solve the general quintic by suggesting a transformation that would eliminate some intermed
In 1786 the Swedish mathematician, Erland Samuel Bring [3 &4]discovered a transformation of a higher degree that would reduce the general quintic to what is
— Jerrard form.

Glashan [5],Young, Runge and others established that some forms of the Bring Jerrard Quintic can be solved in radicals.

In 2011 Edward Thabo Motlotle [6],in his Masters Degree desertion, established a formula for solving a Bring Jerrard quintic by assuming a solution of the forr
—KS+15

+ M%and then converting this algebraic form into a dif ferential form as a more secure way of obtaining fault free solution to the polynomial.The contribution
In my published articles [1], [2]] established a form in which quintics can be written for easy solvability. In subsequent papers I tried to write establish better apy
In this paper I will highlight on other methods of establishing various general forms in which quintic equations and higher degree polynomial equations can be v
METHOD OF SOLVING QUINTIC EQUATIONS

In the paper titled a calculator for polynomial equation calculator for degree five and above [1]a method was highlighted in which a polynomial of degree n was
— 1 factors over all rational. In this paper I will highlight on other possible methods of solving polynomials.

Consider an infinite set, p;(x),of fifth degree polynomials.In the set consider a quintic f

€ @;(x)such that f is divisible by lower degree polynomial g; that is: f(x) = g(x)r(x)where r(x)is a polynomial, then the quintic equation f(x)

= 0 is solvable since it is reducible or relatively composite. Consider another form of an infinite set,;j(x)of fifth degree polynomial with a set of surjective fur
For the purpose of this research I will coin a definition

Definition 1: a polynomial, f, is relatively composite if it can decomposed to the form f(x) = g(x)r(x)where g(x)and r(x)are lower degree polynomials.
Definition 2: two polynomials are said to be equal if their corresponding coef ficients are equal.
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Proposition 1: a general quintic can have more than one general form all of which are equal as long as their corresponding coef ficients are equal.

Proposition 2: If a general monic quintic is in general an irreducible monic polynomial in its various general forms then it has no general solution.If it is reduci
— existent.

Proposition 3: If a general monic quintic in its various forms is in general irreducible in respect to the other lower degree polynomials then it is relatively prime
Proposition 4: When a polynomial has no rational roots in a field of rational numbers, then the field of rational numbers can be extended a larger field that can
I will seek, by dif ferent approaches the solvable form of the general quintic.

APPROACH 1

Consider the general quintic equation:

P taxttagxdtaxtaxta=0-——-——-—————"——————————— ———— — — 1
If we permitted a functional form the coef ficients such that:

apy=kix - —————— = ——— = 2

az =kx> ————————— 3

a, =kzx3 —————————— 4

ay =kxt——————————— 5

g =kgx® —————————— — 6

And: kq,ky, k3, ky, ksare in the field of rational numbers.

We can substitute equations 2 to 6 into 1 to obtain the equation:
ki+ky,+ks+ky+ks+1=0

07'k5=—(k1+k2+k3+k4+1) ———————————————— 7

We can substitute equations 7 to 6

ao :k5x5 :—(k1+k2+k3+k4+1)x5 ___________ 6
—-a
5 _ 0
.. 6
X Tkt kyt kst + D)
By 7 and 6,
_5 _ao 8
x= ki +ky +hks+k,+1

Substituting 8 into 2 to 5:

_kS _ao 9
T Gk + ks + kg + 1



5

a3 = ka <k1+k2+k3+k4+1) 10

5

—a 3
—k ( ) ——————————————————— 11
2758 e kg + ks + kg + 1

5

—a 4
( 0 ) ————————————————— 12
ki +ky+ ks +ky+1

When the general quintic equation is written in the form:

54 ( ke o “ ks( %o )2 34 ks( %o )3 2 4 ks( %o )4 +
X kit hy t kst ko +1)7 2 Nigthy+ kst kg +1) ) 3 gty + kst kg +1) ) ¢ \egthy +hs+ky+1) ¥ T 50

a1=k4

2 @ 2 ¢ 2 ¢

One of its roots is:

5 _ao 8
x= |l e — =
Ky +hky+ ks +ky+1

5 _ao 14
B T e ——c————EE R T Iy
L A N A |

Coefficients of quintic equation 14 are in radical form while those of equation 1 are not
If the coef ficients of the quintic (13)are assumed to be real rational numbers then

—%o =x’=¢°—-———————- 15
ky+ky+ ks +ky+1 '

5 _ao
g — 15,
*=4 jk1+k2+k3+k4+1

q is a rational number
Substituting 15 into equation 13:
x5+ (k @)x* + (kyq®)x3 + (k3q®)x? + (kaqH)x — (kg + ky + ks + ko + Dg° =0 — — —— — — — — 16

x5+ (kiq)x* + (koq?)x® + (k3q®)x? + (koq®)x — (ky + ko + k3 + kg + 1)g°
X —q

=@x*+ax*+bx*+cx+d)=0 ———————— 16




Equation 16 can be factorized into the form:

x% 4+ (ki @)x* + (kyq®)x® + (k3q®)x? + (kaqHDx — (kg + ky + ks + ko + Dg° = (x —)(x* +ax® + bx? +cx+d) =0 ————— ———— — — 17
Where:

a=qk;+1) - """ "-"—"———— 18

b=q*k,+k+1)—————————— ————— — — — 19

c=q3ks+k, vk +1)——————————— —— — 20

d=q*(a+ks+hkp+k+ D) ———————————— 21

Eitherx —q=0=>x=¢q

Or (x*+ax3+bx’+cx+d)=0

By equation 16 given rational numbers kq,k, k3, ky,and q one should be able to determine the roots of the quintic. By equation 16 if these parameters are in the fie
Quintic equation 16 is a composite form of equation 13 (a composite polynomial is reducible to lower degree factors).The connections between the coef ficients ¢
a, = kiq

az = k,q*
ay = k3q®
a; = kyq*
ag=—(k; + ky + ks + ks + 1)g°
Example

If wetake ky = k, = k3 = 0,k, = 1 and q = 1 we obtain the quinticx® +x —2 =0
Withrootx; =q=1
The method above integrates one of the roots of the quintic as one of the constituent parameters of the coef ficients.
By the above reasoning it can be shown that if the Bring — Jerrard quintic is written in the form:
5

b\4
x5+bx—(n+1)(g) =0 ————————————————— = 22
Then one of the roots is given by:

4|b
X1 = g ———————————————— 23

Note here,when the Bring — Jerrard quintic is written in the solvable form 22,one of the roots is in the form,

x; = VI.It will be established, the form the first root of the equation takes depends on the form of the solvable form chosen.

If b =81 and n = 16 then the resulting quintic equation is:

4131

5
+8lx———=0 ————————— 24
X X 32



3
One of the roots of this quintic equation is x; = 5

For the form 22 to accommodate only rational coef ficient I will make

b

noP T 5

Where p is a rational number, in which case equation 23 can be written in the form:
>+nptx—n+)p°=0 - ——-———————————— — 24

In which case the first root equation 24 is given by:

X1=p————————~— 25

12
Equation 24 suggests that Bring — Jerrard quintics with a common root say,Ewill take the form:

s, 20736 248832

_ 1 -
**+ 28561 "371293 L T =0
Equation forms:
5, 2401 16807 | o willh T
X 1296nx 7776 n)= , Wi ave a commonroo ,x1 =

6
In the above set of Bring — Jerrard quintics we can identify a quintic like:
s 59023783

¥ = 17s1e72° T170

7
Such an equation has a root x; = 3

Equation 24 permits one to introduce a Bring — Jerrard quintic triplet co

— ordinates, (b, c,x;)Where b is the x coef ficient of the quintic, c is the constant term of the quintic and x,is one of the roots of the quintic . By equation 24 the tri
+ 1)p®,p). These triplets will permit a construction of R3space of the Bring

— Jerrard quintic. The selection of specific values of the parameters constituting the triplets will permit the identification of the specific quintic.Suppose in this
= 1,then the Bring — Jerrard triplets of the subspace would be (n,—(n + 1), 1).This would be a subspace containing quintics having a root,x; = 1.

The above simple analysis has helped to convert general and Bring — Jerrard quintics to solvable forms.

RADICAL SOLUTION OF THE BRING — JERRARD QUINTIC - ALTERNATIVE APPROACH 2

Consider the Bring — Jerrard quintic equation :

x>+bx+c=0—-———————————— 1
One way of obtaining its solution is to consider a functional form of the coef ficient b such that
b=@-Dx*-——————————————— 2

Where q is in the field of rational numbers.
Then a substitution of 2 into 1 would yield a real root of x given by



Substituting 3 into 2 we would obtain the relation:

4
b=f(qc)=(q°"-1) e . 4

q*
This means that is the Bring Jerrard quintic is written in the form:
4
s 18- "L e =0- (5),th he real he quinti jon is given by:
x>+ (@ —-1) po x+c=0- (5),thenone of the real roots of the quintic equation is given by:

()

If we take ¢ = r°then equation 5 takes the form:

4
—r5)5 —rt
x5+(q5_1)(q4) X+C=x5+(q5—1)?x+czo ————————— 6
1
N
Inwhich case x; = (—) =|l—] =—
q q q5

If we taker = 1and q = 2 we obtain the quintic equation:
4

-r 31
x5+(q5—1)Fx+c:x5+—x+1=0

16
, -r 1
Witharoot:x; = — = -3
q§

RADICAL SOLUTION OF THE BRING — JERRARD QUINTIC - ALTERNATIVE APPROACH 3
Consider again the general quintic equation:

taxttagxdtaxitaxtag=0-————-—-—————————————————— 1

If we take

ap=lx—-—-——-"—-"—-""-"-"=-"—-"—-————— 2

R B e 3

ag=lx3—————————————— —— — 4 and substituted into equation 1 we would get the value:
xllz=_a4i\/a42;_4(;1+12+l3+a3) ____________________ 5

If we wrote equation 1 in the form:

2 3
—a4+\/ai—4(ll+lz+l3+a3))x2+l (—a4+\/a£—4(ll+lz+l3+a3)> ] (—a4+Jai—4(ll+lz+13+a3))
2 3
2 2

x® +agxt +azxd+ 1 <



Inthe form 6 above the quintic equation has root:

—ay++Jai —4(l + 1, + 15 +a3)
X1 = > T T T T T T T T T T TToo 7

If weletay,=az;=1;,=0
We obtain the Bring Jerrard quintic form

4l (Vo 1) x+ (V=0 #B)) =0 ——mmmmm o e oo 8a

Of the general form:x° +bx+c=0 —— — —— — — — — — — — — 8b

X, =y-l+L3)-————————————— = 9

If we selected l,and l3such that:

lz + l3 =-1-———- 10
+/—4(, + 13)
X =————— =
2
b=Lt?=l,—-—————————— 12

c=Lt3=—-1+1)

All Bring — Jerrard quintics of the form:

x>+ Lx— (1+1) =0,havearoot x; =1

If weselectly, + 13 =—p

Then the Bring — Jerrard quintic generated is of the form:

3
x84 plx —p2(p+ 1) =0————————— 13,
And has one of itsrootsasx; = +,[p—-———————————— 14
In equation 13 if p = 4 and I, = 1 then we would from these values obtain the quintic equation x5 + 4x — 40 = 0 with of the roots given by x; = +,/p = 2

A solvable form of the quintic can be selected in which the first root is of the form x; = Vi
To have rational coef ficients I take the substitution

p=tl——— - —————— 15

In which case:

x>+t x—t3(t?+ 1) =0 ——————————— — — 16
The first root of the above quintic is:
X1=t————————= = === 17

METHODS OF SOLVING SEXTIC EQUATIONS

Approach 1 - Radical solution of the sextic equation

The general sextic equation can be reduced to one with three parameters by the Bring — Jerrard transformation and take a form
x®+bx*+cx+d=0—-——-———————— 1



Using the method used in alternative approach 3 above we can express the three coef ficients in terms of three rational ly,l,, l3such that l; + 1, + I3

= —p — — — (2)and write the sextic equation 1 above the general solvable form below.
3
x+ Lpx? + LpZx + 13p?P =0 - ————— —— — — 3
In the above form x; = \/E ———————— 4
If we take:l; = —2,1, =013 = —2 thenp = 4 (by 2). We would then obtain the sextic equation x® — 8x? — 32 = 0 with one of the roots given by: x; = +\/§
=2

Approach 2

Consider the general sixth degree polynomial,

x0+asx®+axt+azxd+ax*+ax+ay=0 - ——————— —— —— — — — — — — — — — — 1

In my published paper entitled “A Calculator for Polynomial Equations of Degree Five and above” [1],I proposed a general method of factorizing a polynomial o
Suppose the equation 1 above is allowed to factorize to the form:

x—r)x—1r)*+cx3+ox?+ox+c)=0 —————————— — — — — — — — — — — 2; where:
Ay =TTCg———————— 3

a =onr—cn+rn)—————————————— 4
ay=cnn—am+n)+g-——————————————— 5
az=cnn—ntrn)+g-————-——————————— 6
ap=nn—-chtr)+g-—-—————-—-—-—-————————— 7

s =C3— T —THh——————————————— 8

The general sextic equation can be written in the form below for easy factorization
x84 (c3 — 1y —1)x° + (ry1y — c3(ry+13) + ¢)x* + (c3my1y — € (1 4712) + €)x3 + (camymy — ¢ (11 +73) + ¢0)x? + (cy112 — ¢ (11 472))x + 173900

The factorized form is given in equation 2.

The coef ficients of the quintic are replaced by rational ry,1,, ¢g, ¢, C2and c3

If wechosec, = ¢, = ¢c3=0,r1 = r, = 1and ¢, = 1 and substituted into equation 9 we would obtain the quintic equation
x6—2x>+x*+x2-2x+1=0

With double roots x, , =1, = 1, = 1.The other roots are obtained by solving the auxiliary quartic equation.

Equation 9 can be written in the form:

x4 (c3 — x>+ (p —cst + c)x* + (c3p — et + ¢1)x3 + (cp — it + co)x? + (ep —cot)x +pcg =0 — — — — — — — 10
Where:
rnr =p
rntr=t
t+.t?2—4p

In the above form: x,, = 5

This method can be extended to higher degree polynomials.



METHODS OF SOLVING SEPTIC EQUATIONS
Consider the general seventh degree polynomial,

x” +agx®+asx® +agxt+azxd+tax?+ax+ap=0 - —-————-—"—-"—-"—"——"————~———— ——— — — — 1
Suppose the equation 1 above is allowed to factorize to the form:

(x—r)x—1r)x—1)(x* +egx3+cx?+ex+¢) =0 - ——————————— — — 3
where:

Qg = —TNIpl3g————— — — — 3

ay = —crnrs + (i +rr3+nr) —————————— — — — — 4

ay = —Canr3 + ¢ (i, + s +1o13) — e+ +13) - —————————— — — — — 5

a3 = —C3nr3 + (i + s +1p13) —c(+r +13) +cp————————————— — — 6
a, = —11r3 +c3(ry + 13 +1p13) — G+ +n3)+eg——————————————— — — — 7
as =rr+nr+rnr—c@+n+r)+g——————————— ——— — 8
ag=—(M+r+r)+tcg—————-—-———————————— 9

If wetakerj+ry+13=p —————————— — — 10

nrtnrtn=q¢ —————-————————— 11

NRR=r ———————————— 12

where:

a=(re) ———————-— 3

a; = (~ar+e(@))-———————-——————~— 4

a; = (—cr+c(@—co(@)———————=—=—=————~ 5

a3 =(—cr+ (@) —e(p)+e) ——————————————— 6
a=Cr+a@-o@+eg)-—————————"———-—————— 7
as=@-a@Pt+te)-——————————————— 8

a=-P+ca)- - ————— 9

Equation 3 takes the form:
x7 4+ (=) + 3)x6 + (g — c3(P) + c2)x° + (=7 + c3(q) — c2(P) + c1)x* + (—c37 + ¢2(q) — c1(p) + co)x> + (—cor + ¢1(q) — co(P))x? + (—c1r + co(q))x
+ (—rcy) =

(x—r)x—1r)x—1)x* + x> +epx +ox+¢) =0———————— — — 13

From equations 10 - 12 we obtain the equation



re—pri+qri—-r=0—-——————————— 14
Three of the roots of equation 14 are also the roots of the septic equation 13
One of the roots of equation 14 is:

? 2p pq 1(2p3 pq p? %
e 2(27”_? A2 A S Y - R 15

The other three roots of equation 14 are obtained by solving the auxiliary quadratic equation:

2+ (g — )r1+——0

p—T1x J(P —1r1)?——

213 =
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